Inhomogeneous states in quantum dots. I. 
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In this work we show that the Anderson impurity model applied to "scar" wave function may 
explain large fluctuations of ground state energy of electron gas in a quantum dot. 
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Single electron wave functions ipj(r) of classically 
chaotic system are inhomogeneous. Consider the unsta- 
ble periodic orbit p in a system with two degrees of free- 
dom. Such an orbit contributes to the density of states 
at the energy E the sunjj 
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where T p = dS p /dE is the period of the orbit, S P (E) is 
the action of the orbit, S P (E) includes the phase changes 
at the conjugated points, X p > is the stability exponent. 

Let us assume that p is the only one relatively stable 
Xp ;$ 1 periodic orbit in the system. In this particular 
case p contributes a sequence of sharp LorentziansEI 
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Each term in the sum can be regarded as the spectral 
function of the "scar" state 
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valid under the condition 
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since S p (E n ) — 2irnh and F„ = X p h/(2T p (E n )). 

This spectral function tell us that it is possible to con- 
struct non-stationary solution ip n (r) to the Schroedinger 
equation in the vicinity of p. This solution, let us call it 
"scar"B, would decay to "flat" states with the rate T n /%. 
The matrix elements of the decay process Vj n are not 
known, but it is clear that 



r n = 7r^|^ n | 2 ^ n ( £j ) , 
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where £j are energies of the exact wave functions. Fortu- 
nately we will not need explicit values of Vj n in further 
calculations. 

In what follows let us assume that the system is filled 
by electrons at zero temperature. Let n — d is the first 
"scar" state below the Fermi energy E F . The Hamilto- 
nian for the states in the vicinity of the Fermi level is 
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W d = (E d+1 - E d )/2 , (7) 

and the formulation of the Anderson impurity modelEI is 
accomplished by adding the correlation energy 
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Here Uo ~ e 2 /L is the charging energy of the system, L 
is the typical size of the system. 

Let us consider experiment, where one fills the sys- 
tem by particles. The Fermi level goes up Ep(N) = 
E(N) — E(N — 1) oc N, where N is the number of par- 
ticles inside the system, and E(N) is the energy of the 
ground state of N particles. At the value = N d given 
by equation 



E F (N d ) = E d + U/2 
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(assuming U ^ W d ) we arrive at the symmetric Ander- 
son model. The author have shownQ that just below this 
value of N the Fermi energy makes a large jump 



E F (N d ) - E F (N d - 1) = A* ~ (UFA) 
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that is just a large positive fluctuation of the level spac- 
ing. Here A is the mean level spacing, further increase of 
the Fermi level should be "smooth", SEp ~ SNA. The 
negative fluctuation is also possible and may be under- 
stood as relaxation of the pseudogap. 

The Fermi energy will jump again near Af = A^+i- 
The distance between jumps is A^ + i — N d w {E d+ i — 
Ed)/ A is inverse proportional to the length of the orbit 
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This formula was derived for A w irh 2 /(ml?) and it is 
valid for large N, N n+1 - N n < A„+i. 
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The second derivative of the ground state energy 
A 2 (N) = E{N+1) + E(N-1X-2E(N) was measured in 
the experiment of Sivan et acl; it shows the sequence of 
particularly strong fluctuations. They may be explained 
by the present theory with l p ~ 2L. The numerical re- 
sults of StopaO supports the present idea. For example, 
the observed levitation of "scar" state near the Fermi 
level is the signature of the Anderson impurity model. 

The contribution of p to the Green function of the non- 
interacting system has the form G(r,r) cx e tW ( x )v / h : 
where x is the coordinate along p, y axis is perpendicular 
to the orbit p at the point x, and W(x) is connected with 
the second derivatives of the action . The n, the width of 
the "scar" state is estimated as ~ \fh/W. It is clear that 
W(x) ~ k/L, where k = \/2mE n /h, and m is the mass 
of the particle, see for example the analysis of chaotic 
billiardsQ. The integral Eq. (§) for the wave function 
concentrated in the rectangle of the width ~ w 'L/k and 
length L gives U ~ j- (log V kL — 1). For experiment of 
Sivan et aS kL ~ 100 and the correlation energy U is 
large enough to make A» noticeable. 

To summarize, inhomogeneities of chaotic wave func- 
tions can be gathered together into additional state of 
small size. In this way one arrives at the Anderson's im- 
purity model with finite number of free electron states. 
At certain value of the chemical potential the model has 
complete particle-hole symmetry. The chemical potential 



does not approach this value gradually, but rather irreg- 
ularly, see our companion paper. The energy scale of this 
effect is a new combination of the parameters of Ander- 
son's model and the mean level spacing. This scenario is 
a possible explanation of the irregularities observed ex- 
perimentally in quantum dots. 
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